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Abstract. Fractional integral formulas are established by using fractional integral operators involving
Kampe de Feriet Functions. Some special cases are also discussed in our present study.

1. Introduction and Preliminaries

In recent years, fractional calculus has been applied to almost all fields of mathematics, applied
science and engineering. Many researchers have extensively studied the properties, applications and
extensions of various fractional integral and differential operators involving the various special
functions, for example McBride [11], Kalla [1, 2], Kalla and Saxena [3, 4], Saigo [16, 17, 18], Saigo and
Maeda [19], Kiryakova [7, 8], Miller and Ross [12] etc.

For our present study, we recall the generalized hypergeometric fractional integrals, introduced by
Marichev [10], including the Saigo operators [16, 17, 18] and which was later on extended and studied
by Saigo and Maeda [19].

Marchichev-Saigo-Maeda fractional integral operators involving the Appell’s function F3(.) in the
kernal are defined as:

Let a,, 3,8,y € C and x >0, then for R(y) >0

([l(;:} 3.8 (‘,-f) (’J)

— €T , f
— f (x—t)" " Fy (a,a'.ﬁ’,,’f il ——,1— i) ft)dt
I'(v) Jo ¢ (1.1)
and
(12?70 1) (a)
x—o [® . R { t
_r / (t—x) ok (a.o_f’.,d, Byl — 1, 1— —) ft)dt
() Je t x (1.2)
where the function f{t) is so constrained that the integrals in (1.1) and (1.2) exist.
And F3(.) denotes Appell’s hypergeometric function [22] in two variables defined as:
Fiy(a,d, 3,8 v 2;9)
= Y Onl@nBn(B)n 2™ (1.3)
gl (Vm-+n mh ol axixL [y <1)
The above fractional integral operators in (1.1) and (1.2) can be written as follows:
aa’,8,8" ) d g a,of B+k,B y+k -
Iy f) (x)=1{— (]0 v f) (2)
: dx i
(R(y) > 0k = [R(v)] +1) (1.4)
and
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L al d k L r
a,a (3,87, oy — | a,a B8 +k,v+k -
(s = (-5) (12 ) @)
(R(v) > 0k = [R(v)] +1) (1.5)

The Appell function defined in equation (1.3) reduces to the Gauss hypergeometric function 2F; as
given in following relations.

F(ay- afy - Bvixy) = 2F1(af;v:x+y - xy) (1.6)

Also
(1.7)

F3(a,0,8,8,v:xy) = 2F1(a,B;v;x)
And

F3(0,a',,8,ﬂ',y;x,y) = 2F1(a',,,8!;)/;y) (18)
In view of the above reduction formula as given in equation (1.7), the general operators reduce to the

Saigo operators [15] defined as follows:
For x>0,qa,8,veC

B et t
(I[‘;‘j,‘*. : ”.f) (x) = o) /0 (z — )1 F (cz + 8, —7;a51 — ;) f(t)dt (1.9)
(R(er) = 0)
and
(12279) @) = s [ = o (o Bt = 5) S0
(@) Ja t
(R(a) > 0) (1.10)

where the 2F1(.), a special case of the generalized hypergeomteric function, is the Gauss hypergeometric
function and function f{t) is so constrained that the integrals in (1.9) and (1.10) converge.
The Saigo fractional integral operators, given in (1.9) and (1.10) can also be written as:

For x>0, a,8,vyeC

(L?.f'“’f) (x) = (%Y (Iﬁiiw*kﬁﬂf) (2) (1.11)

and
"
(2200 @)= (~5p) 24 @
(R(ar) <05 k= [R(—a)] +1) (1.12)

The Erd’elyi-Kober type fractional integral operators are defined as follows [9] For

x>0, a,7€C

(B2 @) =y | =0t () > 0) (113)
(K221) (2) = 1%) ] C(t—x) T () dt (1.14)
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provided that integrals in (1.13) and (1.14) converge.
The Riemann - Liouville fractional integral operator and the Weyl fractional integral operator [13] are

defined as follows:
x>0, aecC
(Fsu) (1) = g | =050t (R@) >0) (115)

1 (1.16)

(W f) (2) = Ta) / (t—a)* L f(t)dt

xT
provided both integrals converge.

In view of the reduction formula (1.7), the Marichev-Saigo-Maeda and the Saigo fractional integral
operators are related as [20]:

(I&i},ﬁ,ﬁ’q ) (z) = (Ia,-!};,f'}-,fﬁ'if) (x e (117)
and
(B )@= N E ey (118)

The relation between Saigo fractional integral operators and Erd’elyi-Kober fractional integral
operators are given by Kilbas et. at.[6] as:

(B3 £) @) = (1627 £) @) (119)

(KX,a,Yoof) (X) = (Ix,zx,oo 0, yf) (X) (120)
TP

The operator “0. (- contains the Riemann-Liouville 76,2 (- and Iy*PYw (.) contains the

Weyl Wl fractional integral operators by means of the following relationships:

(Rg 1) (@) = (I ™7 f) (x) (1.21)

’

(Wioof) (2) = (127 f) () (1.22)

Power functions formulas of the above discussed fractional integral operators are required for our
present study as given in the following lemmas [19, 16, 20].

Lemma 1. Let a,a,3,8,y and p € C be such that R(y) >0, then the following formulas hold true:

(It()}.Jf(.)f'ﬁﬁ""’f”*l) ()
F(,O)F(p + Vo= of — -;BJF(p + ﬁf - [}5’) (I?'[H_h’_”_(v,_l
Flp+B T (p+y—a—-a)N(p+vy—o —f)
(R(p) > max{0,R(ar +a’ + 3 — ), R(a’ - 5')}) (1.23)

and
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(Iﬁi&’,ﬁ,:‘i'.'\;ﬁ)—l) (T)
_ 'i—p-pll—-p—v+a+a)N'l—p—v+a+3)
'l—p)'l—p—y+a+o +8)(1-p+a-—p)
(R(p) < 1+ min{R(—5),R(a+a" —7),R(a+ 5 —7)}) (1.24)

p+'y7n«7rv’71

Lemma 2. Let a,5,y,p€ C be such that R(a) >0, then the following formulas hold true:

@By o _ Tl +v-8) s
([‘“ ! 1) (=)= I‘(ﬂ*;’ﬁ)l‘(p+v’+a)mp o
(R(p) > max{0,R(3 —7)}) (1.25)

and

o, 8.y 1p— _ F(l — P + B)F(l - P + 'Y) p—B—
) O = - prrrard)
(R(p) < 1+ min{R(5), R(v)}) (1.26)

For our present study, we begin by recalling generalized Kamp’e de F’eriet function [22, 21] is
defined as:

(1.27)

p, gk, l,m,n e Ny.

the above function converges under the following conditions:
p+rq<l+m+Lp+k<l+n+1,[x| <o, |y| <o

also we recall the generalized hypergeometric series ,F,;(p,q€ No) is defined as [14, 23]

JF, (}1....,(1?,; Z] _ - (("kl)n e z_”
' |: 31 ””” &1; ”Zzﬂ (J‘Ijl)n e (.Bq)n n!
= Fylaq, ..., ap B, ..., By 2) (1.28)

and (A).is the Pochhammer symbol defined (for A € C) by (see [23]):

(1 (n=0) (1.29)
(A = { AALD) . (Ain_1) (el

(A +n)
['(A)
and Z-pdenotes the set of Non-positive integers. where I'(A) is familiar Gamma function.

(AeC\Z;) (1.30)
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2. Main Results

In this section we present certain fractional integral formulas involving the generalized Kamp’e de
F’eriet function by using fractional integral operators.

Theorem 1. Let x >0,0,0',v,v,n,p € C, p,q,k,mn€ Noand
p+rq<l+m+Lp+k<l+n+1,|ty| <o, |tz|] <o

or
p+rgq=l+m+1,p+k=l+n+1

be such that R(n) >0 and R(p+r+s) >max{0,R(o+0 +v -n),R(c' -Vv)} then the following fractional integral
formula holds true:

R ANTR TR $H g b,),( k):
I =1 b 7;k [ (”I) ( ] 'ty t :|)
( 0,r Limsn ((W); ( 3”?)’ (,.Yn) Yy, 1z ( )

::I‘_{J—Ff]‘—ﬁ—(f’—] ( )P(PJF??*U*C’ *V)F(PJFVI 70".)
+ ) (p+n—0—a)(ptn—o —v)

w Pk [ ( (ap)=(p)-.(p+n—o—0 —v)i(p+ v —a'); (by); (e

Ty, T2

o I s I TR A U 21)

Proof. For convenience, we denote the left-hand side of the result (2.1) by I. Using (1.27) and then
changing the order of integration and summation, we
have

q

(a)res [T [T

1 j=1 =1 _; 25
rls! (2.2)

~m;:|@

k
0 —
Z m ;
r,s=0 ( r+qH H ,;)

=1 j=1
(i

L

|/1/ U]"D+r+" 1) (1)

applying the result (1.23), the above equation (2.2) reduces to

q k
o H r+«: H bJ T H
j=1 j=1 j=1 -
Z [ m n F?
s=0
H(Qj)r-ks H(ﬁj)i H(F}'j)s
j=1 j=1 j=1
Flp+r+s)l(p+r+s+n—oc—o —v)l'(p+r+s+v/' —a')
Flp+r+s+v)l(p+r+s+n—c—a)l'(p+r+s+n—o —v)
% I,p+1'+3+7;—r1—0'—1 [23)

after simplification, the above equation (2.3) reduces to
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P q

00 H Jrts H(b_;i)rH(C_;,')H

— aptn—o—a’—1 Jj=1 Jj=1 j=1
=+ Z ‘ ‘
1 m n

e ] (CHIN | (EAM | (EDF
)

j=1 j=1 j=

% Fp)l(p+n—o—o —v)l'(p+1v -0

Flp+v )V (p+n—0c—ad)(p+n—0o —v)

(p)7‘+s (P +n—0— o' — V)r-}.s(P +v - U'),‘_H.. {aty)’” (;rz)-s'

(p+V)rgs(ptn—0—0)gs(ptn—0" —v)rys vl sl (2.4)
pino-o—1 LpLp+n—0o—o —v)l'(p+1v' —0d')
Plp+v)l(p+n—o—a)(p+n—0 —v)
q

k
H Jrvs [0 TT(es)s

=1 =1 i=1

=T

LN

X Z[) I m n

T H @ r+~H ‘(j)f'
=1 =1

(Phrislptn—0—0" —v)eyslp+ v —0')rs ()" (22)°

(p+1v)rslp+n—o—0)rslp+n—o —v)prs vl 8 (2.5)
interpreting the above equation, in the view of of (1.27), we have the required result.

Jj=1

Theorem 2. Let x >0,0,0,v,v,n,p € C, p,q,k,m,n€ Noand
p+q<l+m+Lp+k<l+n+1,y/t| <o, |z/t| <o

or
ptq=l+m+1Lp+k=1+n+1

{ W/thi{/le-1h |+ |2/¢]} |1/6a-n <1, p>1

and

max {y/t, z/t} <1, psl
be such that R(n) >0 and R(p-r —s) <1+min{R(-v),R(o +0'-n),R(0 +V' -n)} then the following fractional

integral formula holds true:

" it )i (bg); (en): Y 2

o0 vt MpP— 1 1pigsk (G’I) (l k Z - :

([ Fimnl:(al):(ﬁrn)( ): tt {T)
7’I_p+n_(,_a,_1r(l7pfy)r(17pfn+g+gf)r(17,)7,”0“,;)
- l—pl(l—p—-n+o+o +v)[(1—p+o—v)

)
o presak | (ap)i(1—p—v); (I—p-—nto+a)(l-p-—nto+v) (b,,) ¢
I+35min ();(1—=p);(l=p—n+o+d +);(1—p+o—v);(Bun):(y

Proof. Proof is similar to that of Theorem 1.

2.1. Special Cases. If we put o = ¢ + v,0 = v = 0,v = -5,n= a in Theorems 1 and 2 and employing the
relations (2.1) and (2.6) yield certain interesting results concerning the Saigo fractional integral

operator given in the following corollaries.

Corollary 1. Let x >0,0,v,1,p € C, p,q,kLmne Noand

p+rq<l+m+Lp+k<l+n+1,|ty| <o, |tz|] <o
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or

p+rq=l+m+1,p+k=l+n+1

OorlAde- 1+ ezlian <1, p > 1

and
max {|ty/,[tz[} <], p<l
be such that R(o) >0 and R(p+r+s) > max{0,R(v -n)} then the following fractional integral formula holds

true:

rrun p—1 pig:k (GJ) (b )1({7\)' y o T
(I t P‘f?n (T |: ((”}) (dri) (,7”). ly* r’”":|) ( )

L(p)l'(p+n—v)
Dip—v)'(p+n+0o)

gk [ (ap)i(p) (Pt —v)i(b)i(er)s
<ERA | ot o o e s 77 2

e 1

Corollary 2. Let x >0,0,v,n,p € C, p,q,kLm,n€ Noand

p+rq<l+m+Lp+k<l+n+1|y/t] <o, |z/t| <o

or
p+tg=l+m+1,p+k=1+n+1

{ b/t e-ih |+ |z/¢1} [1/6-n <1, p>1
and
max {|y/t/,] z/t|] <1, psl

be such that R(0) >0 and R(p - r — s) <1 + min{R(v),R(n)} then the following fractional integral formula

holds true:

owpp—1 PP (ap)i(bg); (c): ¥ 2 .
(I 't lfl m fz |: (0’1) ( ﬂm) (';n) ? 11:|> ([)
[l—p+v)I'(1—p+n)

= ppv-1
T TA—pl—p+o+v+m)
x frrak (ap); (L —p+v)i(L—p+n)i(by)i(ck); ¥ 2
H+2min (“5" (1 - ,U) {1 —pP +o+v+ I}) (ljym,)-, :n‘)'- fl'-', xr (28)

Further, if we put v = 0 in (2.7) and (2.8) then these Saigo fractional integrals reduce to the following

Erd’elyi-Kober type fractional integral operators as given below:
Corollary 3. Let x >0,0,n,p € C, p,q,k1m,n€ Noand

p+rq<l+m+Lp+k<l+n+1,|ty| <o, |tz| <o

or
p+q=l+m+1Lp+k=I+n+1

orlAde-h 1+ ezlse-n <1, p > 1
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and
max {|ty/,[tz[} <], p<l

be such that R(c) >0 and R(p + r + s + n) >0 then the following fractional integral formula holds true:

(g | (G wee] )

— q.r)—lm « frtiak (ap); (p+1);(by); (ex);
F(P 1o _i_n) I+1;m;n ((-”

Ty, rz
)i (p+ 0 +1); (B (n); ™ (2.9)
Corollary 4. Let x >0,0,n,p € C, p,q,k,,m,n€ No and

p+q<l+m+Lp+k<l+n+1,y/t| <o, |z/t| <o

or

p+rq=l+m+1,p+k=l+n+1

{ /thi{/le-1h |+ |2/¢]} |1/6a-n <1, p>1
and
max {|y/t/,/ z/t[} <1, psl

be such that R(0) >0 and R(n) >R(p-r-s) >-1 then the following fractional integral formula holds true:
e —1 ppigik p ) bf):(ck): y =
Ko e 111{} 1;k ((1]),(’ q/1 » =2 - T
( z,00 Eimsn |: (G't): (ﬂm); (’7’71)? t ot (l)

= 'I-f“*l F(] —p + 7?) x ‘F{HLI:q:.R: |: (a;;}; (l —pP + TI)'- (bfl}: (C;;)Z_ y E
D(l—p+o+n)  “Hhmn | (a);(1—p+o+n0);(Bm)(m): 2’z (2.10)

Further, if we putv = -0 in (2.7) and (2.8) then these Saigo fractional integrals reduce to the following

Riemann-Liouville and the Weyl type fractional integral operators as given in following results:

Corollary 5. Let x >0,0,p € C, p,q,km,n€ Noand
p+q<l+m+Lp+k<l+n+1,|ty| <o, |tz|] <o

be such that R(0) >0 and R(p + r + s) >0 then the following fractional integral formula holds true:

(Rg.ﬂt”‘lﬂi’iffiﬁ { s o t“D @)

1 I'(p) Liask [ (ap); (0); (by); (cr):
_ LI-"'H_U 1_~\F) % Fp-&.-“.qj., P/ 1 qf ) Ty, 2
Tp+o) ~ Htmn | (a); (p+0); (Bm)i (); 7 (2.11)
Corollary 6. Let x >0,0,p € C, p,q,km,n€ Noand
p+rq<l+m+Lp+k<l+n+1|y/t] <o, |z/t] <0
or
p+q=l+m+1Lp+k=Il+n+1
{b/thilAw-Ih [+ 12/t]} |1/ <1, p>1
and
max {ly/t/,| z/t[} <1, ps<l
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be such that R(p - r - 5s) >R(0) >-1 then the following fractional integral formula holds true:

(W” v [ oS GO T t]) (x)

= g‘ﬂ+0*111(1 —p+o) w prtliak [ (ap); (1= p+0);(bg): (ck): 2, E]
r(l _p) I+1ymin ((_w) ( ) (,3”) {'y’ )’ T (212)
If we use the following known result [22]
p:0:0 ap,...ap | Ay, ...y |
Fio.0 [ 1y ey Y ‘y"‘} =l [ QU ny O ,y+z] (2.13)

then results in (2.1), (2.6), (2.7), (2.8), (2.9), (2.10), (2.11) and (2.12) reduce to the following
form:

Corollary 7. Let x >0,0,0,v,v,n,p € C, p,Ie Noand

|ty + 2)] <00 ifpsl

or
|ty +2)| <1 ifp=1+1,

be such that R(n) >0 and R(p+r) >max{0,R(c+0" +v-n),R(¢' -V}, ai= 0,-1,-2,...;i= 1,2,...L then the following

fractional integral formula holds true:

(1827 ety | gt st o] ) @

Q.. 0y
_ pin-oo—1_LOp+n—0—0" —v)(p+v' —0)
Clp+v)(p+n—0—a)(p+n—o — y)

A1y ellp, o p k) =0 =0 =V pt v — 2(y + 2)
cn.,....m,errJ p+n—o—da, P+W*U Vs (2.14)

X p+3F:+3 [

Corollary 8. Let x >0,0,0,v,v,n,p € C, p,I€e Noand

| + 2)/t] <00 ifpsi

or

| +2)/t] <1 fp=1+1,

be such that R(n) >0 and R(p - r) <1 + min{R(-v),R(0c + ¢' - n),R(0 + v - )}, @i#0,-1,-2,...;i= 1,2,..,I. then
the following fractional integral formula holds true:

o0 v nip—1 a1, ...0p y+z .
(I;r;c t pP‘i |: Qe s 7}‘ (1)

_ potn—o—a'-1 Ml—p—v)'l=—p—n+o+a ' 1l—p—n+o+)
v Mi—pl'l=p-—n+o+d +")NI'l—p+o—v)
ay,...0p, pyp+n—o—a —v.p+v/ —a; Yy+z
ay, oo p+ p+n—oc—o p+n—o —v, =z (2.15)

X praliys

Foro=0+v,0 =v =0,v = -nn=a(2.14) and (2.15) yield certain interesting results concerning the

Saigo fractional integral operator given in the following corollaries.
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Corollary 9. Let x >0,0,v,n,p € C, p,I€ Noand

|ty + 2)| <00 ifp<l

or
|ty + 2)| <1 ifp=1+1,

be such that R(c) >0 and R(p + r) >max{0,R(v - )}, a/= 0,-1,-2,...;i= 1,2,.., L. then the following fractional

integral formula holds true:

(I(T_:.n'fplpﬂ{ A1y .. Op [(U+z)]) (.L)

Ny eeny (Y
=P vl L'(p)l'(p+n—v)

1y ennly, Py P+ 1) — 1,
a1y, 0, p—v,p+n+ 0,

X proFiqo x(y + Z)]

(2.16)
Corollary 10. Let x >0,0,v,n,p € C, p,l€ Noand

|0+ 2)/t] < ifpsl

or

| +2)/t] <1 fp=1+1

be such that R(o) >0 and R(p-r) <1+min{R(v),R(n)}, ai= 0,-1,-2,..;i= 1,2,...L then the following fractional

integral formula holds true:

1y, O t
I'l—p—-v)'(1=p+n)
F1=pl'(1-p+n+to+v)
ap, .oty 1 —p—1,1—p4mn; y+=z
ar, ool —pl—p4+n+o+v, =z (2.17)

— 27{171/71

X p+2F:'+2 I:

For v =0 in (2.16) and (2.17) then these Saigo fractional integrals reduce to the following Erd’elyi-
Kober type fractional integral operators as given below:

Corollary 11. Let x >0,0,n,p € C, p,I€ Noand
[ty + 2)| <o0 ifpsl

or

|ty +2)| <1 fp=1+1,

be such that R(c) >0 and R(p + r + n) >0, af= 0,-1,-2,...;i= 1,2,..., I then the following fractional integral

formula holds true:

(Eg:lzitplpﬁ{ a1, ..-Qp ;t(y+Z)D (z)

1, ...,
. Lp+mn) a1y ...y, p+1;
" X proFjie ! pe ’ r(y+ 2
Tpro+m 72f2| o o prorn TWH2) (2.18)
Corollary 12. Let x >0,0,n,p € C, p,I€ Noand
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|y +2)/t] <00 ifpsl
or
| +2)/t] <1 fp=1+1,

be such that R(o) >0 and R(n) >R(p) >-1, a/=0,-1,-2,...;i= 1,2,... L then the following fractional integral
formula holds true:

ST p— ay,...a, Y+2
(I“‘v:o"otf 1pﬂ |: ! f T:I) (Ilf)

iy ...,
— (T._nfyfi F(l — P + i’[) %
I'l—p+n+o0)

Further, for v = -0 in (2.16) and (2.17) then these Saigo fractional integrals reduce to the following

ai,..ap, 1 —p+mn: Y+ =z
ay, ..ol —p4+n+o; x (2.19)

p+lF1i+l |:

Riemann-Liouville and the Weyl type fractional integral operators as given in following results:

Corollary 13. Let x >0,0,p € C, p,I€e Noand

|t(y + 2)| <00 ifpsl
or

|ty +2)| <1 fp=1+1,

be such that R(0) >0 and R(p + r) >0, af=0,-1,-2,...;i= 1,2,..,L then the following fractional integral formula

holds true:

( 3,.2“.1"{}_1}1};},{ (%1,-...(11,’ t(y—}—z)])(q’)

i, ..., 0

1 T(p) Ay, ..y, P
— pto—1 X E 1s ps 3 . >
! Tp+o) PP ay, L anpto; =y +2) (2.20)

Corollary 14. Let x >0,0,p € C, p,I€ Noand

| +2)/t] <0 ifp<l
or
| +2)/t] <1 fp=1+1,

be such that R(p+r) >R(a) >-1, af=0,-1,-2,...;i= 1,2,.., L then the following fractional integral formula holds

true:
vo g1 | Aty YT Z o
(IL:J:,OOI' T’fl { 1, ..., O ? t (‘I)
v Ll —p+0) . ai,...ay, 1 —p+o; y+=2
=af — = X 1 Fig !
(1 —p) at. ..ol —p x (2.21)
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